[image: ][image: ][image: ][image: ][image: ][image: ][image: ][image: ][image: ][image: ][image: ][image: ]
image7.jpeg
IBM CONFIDENTIAL

b) V=0 then the ''true'' circle passes between the points (X, Y - 1)
and (X + 1, Y - 1). Further, the closer of the two points
can be found simply by observing the sign of the quantity:

1u2 2 2 '
L sy = |RPa X%y 1| -|’% - [+ 12+ (v - 12
s RiF]
1/4 s _YSL\)("" )
et s {RZ o [X% 4 4% - 1)2]}+ {Rz S+ 02 (Y- 1)2]}

Z{RZ S[x s ey - 1)2]}+ 2X + 1

2V+ 2X +1

Thus it is apparent that knowing the quantity

v=rRE-[(x+ 1%+ (¥ -D%]
allows a straightforward determination of the proper direction for move-

ment from the point (X, Y). By noting the expansions

X2+ 2X + 1

n

(x + 1)?

Y2-2Y+1

A

one sees that the decision difference V obeys the following recurrence
relation:

a) If the move is in the D1 direction, then:

X = ¥yt l
Tt Focdy
T A TORE

b) If the move is in the D2 direction, then:

Hegg = Hytl
Tar= =1
Vigy T V37 By P 2¥y - 2
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c) If the move is in the D3 direction, then:

s
Ty L=
Vil = ¥ ety -l

By initially starting at one of the four intersections of our circle with
the coordinate axes, we eliminate any second-order term consideration
from even the initial conditions. Thus, if we are initially located at the
point (X = 0, Y = R), we see that

. ey Bl

vV, = R -[(Xo+1) +(Yo—1) ] = 2R - 2,
and the full first-quadrant clockwise quarter arc will be complete when
Y = 0. We may then simply assign new D1, D2, and D3 actual output
values appropriate for the proper physical directions associated with the
next quadrant, re-initialize, and repeat the same logic as before until

all four quadrants have been drawn. -

ALGORITHM

We assume the circle has an integer-valued radius R and that, by
translation of axes if necessary, it is centered at (0,0) so that the equa-
tion is

N

Starting then at the point (0, R) and moving in the clockwise direction, we
approximate the unconstrained circle given by employing the following
algorithm:
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Initial Conditions: X0 =0 Y = R VO =2R-2 Q=1

D1

a)

b)

c)

d)

a)

b)

= +x move D2 = +x,-y move D3 = -y move

If Y=0and Q= 1, set:

X=X Y= Ve ¥ Q=2
o o o

D1 = -ymove D2 = -x,-ymove D3 = -xmove
If Y=0and Q= 2, set:
X =X YO BY V=V Qo= 3

o o o

D1 = -x move D2 = -x,+y move D3 = +y move
If Y=0and Q= 3, set:

X=Xo Y=Y0 V=Vo Q=4

D1 = +y move D2 = +x,+y move D3 = +x move

If Y= 0 and Q = 4, then the full circle is finished.
If Vi = 0 then calculate:

§ =2V, -2Y.t+1
i i
and

If § > 0, move direction DI;

If 6 < 0, move direction D2,
If v, < 0 then calculate:

6= 2V. F 2X. ¥ 1
i 3
and
If 8§ =2 0, move direction D2;
If 8 < 0, move direction D3,

If move is in the direction D1, then:

Bypy = T Yoy = T " Vo= V= 2X, e L

If move is in the direction D2, then:

Epr = 5 T 1 Tppesaly sdissVge o Yiad¥y e,

If move is in the direction D3, then:

Xi+1 = Xi’ Y. = Yi -1, v, y Vi+ 2Yi+ - 1.

i+l it 1
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4, Seti = i+ 1 and return to step 1.

A flow chart which takes advantage of the control format for incre-
mental digital plotting with the IBM 1620 and the IBM 1401 is shown in
Figure 1. i )

CONC LUSIONS

As only addition and subtraction are required, the above algorithm
affords a fast scheme for efficiently drawing circles in applications such
as the IBM 1627 digital incremental recorder or a cathode ray tube display.
The algorithm also offers an efficient method for the preparation of off-
line plotting tapes.

By slightly more detailed consideration of beginning and end points
within a quadrant, as well as direction of rotation desired, the algorithm
is easily extended to the drawing of arbitrary portions of a circular arc.

A similar analysis yields a comparable algorithm for drawing the ellipse

given by

b’z)’\:Z + a’zyz = azb’Z'

One should also note that an alternate bi-directional control by octant,

rather than the present tri-directional quadrant scheme, can be imple-
mented by observing that the decision difference V changes sign upon

entering each successive octant.

Engineering drawings, numerical tool control tape proofing, real-
time plotting of process control variables, the solution of systems of
{differential equations, and the presentation of statistical and financial
data are but a few of the many diverse applications for mechanized graphic
display. The line segment and circle algorithms thus allow economic use
of several different display media. By overlapping plotting with other jobs,
such as general tape-to-print, plotting can be added to larger installations
with virtually no operating expense.

Specifically, the present circle drawing algorithm:

1) Provides a minimum error approximation to an unconstrained circle.
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2) Requires only addition and subtraction.

3) Controls incremental movement -si.rnply on the basis of a series of
sign tests.
A flow chart which takes advantage of the IBM 1620 or 1401 plotter

control format in implementing the algorithm is shown in Figure 1.
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Describes an efficient algorithm for drawing circles with incremental
display devices such as cathode ray tubes and incremental digital re-
corders. Considers an abstract discrete geometry as a model for in-
cremental digital plotting and derives a minimum error circular approx-
imation which requires neither multiplication, devision, nor trigonometric

evaluations.
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SUMMARY

This paper describes an efficient linear algorithm for drawing mini-
mum error circles with incremental digital display devices such as cathode
ray tubes and incremental digital recorders. The algorithm's speed is
such that on-line plotting can be multiplexed with other operations to allow
priority multiprogramming on smaller satellite computers. It can serve
equally well to efficiently prepare tapes on larger systems employing off-

line plotting.

Display is essentially a zero memory process in which movement is
constrained to a unit distance in one of eight possible directions relative
to position at any time. An abstract discrete geometry is considered as
a model for incremental digital plotting and a minimum error approxima-

tion to an unconstrained circle is derived.

Specifically, the circular incrementing algorithm described achieves

the following:

a) Neither multiplication, division, nor trigonometric evaluatioﬁs are
required. ,

b) Incremental movement is controlled simply on the basis of two sign
tests.

c) A single integer-valued radius specification suffices as input data.

INTRODUCTION

Graphic display employing cathode ray tubes, incremental digital
recorders, or even the design of a general-purpose drafting machine is
facilitated by the use of computationally fast basic figure algorithms re-
quiring only addition and subtraction, A previous IBM report, "An
Incremental Algorithm for Digital Plotting," TR 02,266, has described
an efficient algorithm for line segments. The purpose of this paper is

to describe a similarly efficient algorithm for drawing circles.
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ANALYSIS

As the general frame of reference is that described in detail by the
previous paper, only a brief review is given here. We again postulate
a discrete geometry in which position is defined only at the intersection
of rectangular coordinate grid lines spaced a unit distance apart. Move-
ment from any point is incremental and constrained to be only to one of
its eight nearest neighbors. An allowed movement pattern is thus de-
scribed by the following pattern:

|

The location of points in‘this discrete geometry will be referenced
by an integer-valued Cartesian coordinate point pair, that is, an integer-
valued two-tuple. Without loss of generality it may be assumed that all
data has been previously scaled to represent distance measured in the

same basic unit of physical incrementation distance as the display device
used.

Consider then a discrete rectangular coordinate system in which
movement is constrained to any one of the eight nearest neighbors rela-
tive to present position at any time. Directionally, movement is free to
take plaée only ata relative 0, 45, 90, 135, 180, 225, 270, or 315 de-
greés. In a nondiscrete geometry the equation of an unconstrained circle
having an integer-valued radius R is given by:
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where, by appropriate translation of axes if necessary, the circle is cen-
tered at (0,0). Our problem is to approximate this circle by a series of
movements between allowed grid points. In general, then, incremental
movement must be made to a ""close'' integer-valued point lying on a per-

turbed circle given by:

X2+ v% = (R+e
xy

2
)
where upper case symbols denote integer values.

Within each of the four quadrants it will be necessary to consider only
three of the eight original directions as candidates which can effect move-
ment closest to the unconstrained circle at the time of the next incremental

movement,

DI
D2
D3
(0,R) K e
-1 ~
7
L 2709 315°\\
/,
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While approximating, in a clockwise direction, the quarter arc contained
in the first quadrant, for instance, only the directions 0, 315, and 270 de-
grees need be considered in moving from (0, R) to (R,0). We therefore
consider only the first quadrant, clockwise situation with allowed move-
ments in the symbolic directions D1, D2, and D3 degrees, respeétively.
Later it will be seen that the approach is easily generalized for the entire

circle through all four quadrants.

Given that one is at the point (X, Y), a decision ainong the three al-

ternatives can be made by determining the minimum of the quantities:

- o [(X+ l)2 + YZ]| for 0° or D1 movement to the point
(X + 1,Y),

R2 - [(x+ 1)2 + (Y - l)z]l for 315° or D2 movement to the point
(X +1,% < 1),

R2 - [Xz + (Y - 1)2]‘ for 270° or D3 movement to the point

X,Y -1).

However, by first observing the sign of the quantity

v & R o [0t
we can simplify to a decision between only two alternatives at each step.
That is:
a) v =0 then the 'true' circle passes between the points (X + 1, Y)

and (X + 1,Y - 1). Further, the closer of the two points
can be found simply by observing the sign of the quantity:

e = R pe P e - 08 RE - e 12 ¥R
N
¢’ wjj = {R% - toe 07 oy - P {RP - e 02 v

z{R2 - [x+ 1)2+ (Y - 1)2]} -2Y+1

2V -2Y+1




